Thermodynamic properties of the Lennard-Jones (LJ) fluid are investigated by studying a system of particles interacting with a potential of hard-core plus attractive Yukawa tail (HCY). Due to the similarity of the LJ and the HCY potentials in their overall form, it is worthwhile seeking to approximate the LJ potential in much the same way that the hard-sphere reference potential has been used. The study consists in describing the thermodynamics of the LJ fluid in terms of the equivalent HCY system, whose properties are known accurately, by means of mapping the thermodynamic quantities for the HCY potential parameters. The method is feasible owing to a convenient analytical expression for the Helmholtz free energy in the mean-spherical approximation expanded in powers of the inverse temperature. Two different procedures are used to determine the parameters of the HCY potential as a function of the thermodynamic states: one is based on the simultaneous fits of pressure and internal energy of the LJ system, and the other uses the concept of collision frequency. The reasonable homogeneity of the results in both procedures of mapping makes the HCY potential a very good reference system whose theoretical expressions can be used confidently to predict the thermodynamic properties of systems with more realistic potentials.
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Introduction
In the theory of simple fluids, one of the major achievements has been the recognition of the quite distinct roles played by the repulsive and attractive parts of the interatomic potential in determining the microscopic properties of simple fluids [1, 2] . In recent years, much attention has also been paid in developing analytically solvable models suitable to represent the thermodynamic and structural properties of real fluids. The hard-sphere (HS) model is the natural reference system for describing the general features of liquids, namely the local atomic order according to the excluded volume effects and the freezing process of the fluid into an ordered solid structure. In contrast, the HS model is not able to predict the condensation of a gas into a liquid, which is only made possible by the existence of dispersion forces giving rise to an attractive long-range part in the potential. Van der Waals provided the first analytical excursion, from idealized model, in attempting to account for the finite size of the ionic core and for an inverse sixth-power attractive potential at long range.
Another system that was found very useful to stabilize the local fluid structure is the hard-core potential with an attractive Yukawa tail (HCY). It is the advantage to tune to hypothetical and real fluids of widely different properties [3] by varying its hard-sphere diameter σ and its inverse screening length λ. For example, it is known that the charged hard-core fluid modelling systems, like colloidal suspensions and protein solutions, can be investigated with an inverse screening length λ ∼ 8, while the Lennard-Jones potential parametrized for rare gases can be simulated with an inverse screening length λ ∼ 2.
An additional reason that makes the HCY system appealing is that semianalytical and analytical solutions are available. The original solution given by Waisman [4] within the mean-spherical approximation (MSA) involved a set of six algebraic equations with six parameters, but progressively valuable simplifications have been found [5 -7] giving a reduced number of unknown parameters and simpler analytical expressions for the thermodynamic properties and the pair-correlation function. For the purpose of this work, the expressions for these properties will be used in expanded forms in powers of the inverse temperature, as derived by Henderson et al. [8, 9] .
Such an equation of state for the HCY system, which is founded on the perturbation theory and expressed in terms of the relevant features of the potential, is a very handy tool for investigating the thermodynamics of liquids governed by an effective hard-sphere interaction plus an attractive tail. Specifically, this analytical equation of state is useful to explore how the properties of the HCY system differ from those of other systems. Then, the investigation consists in determining the HCY system equivalent to the original system, i. e. the values of the hard-sphere diameter σ and the inverse screening length λ for all thermodynamic states, in such a way that the thermodynamic properties of the HCY and original systems are identical. The idea of equivalence between two systems has already been used by several authors with diverse procedures of mapping [11 -14] . In particular, ways of handling this concept have been considered in mapping the repulsive part of the LJ potential into an effective hard-sphere interaction [15] or in mapping the full LJ potential into the square-well potential [16] . The approximation of the LJ potential by a two-Yukawa potential has also been done along the liquid-vapour coexistence curve [17] , but nothing seems to have been done to map the LJ system into the HCY one over a wide domain of the phase diagram. The method is feasible because the opportunity can be taken of both the similarity of the repulsive parts and the resemblance of the long-range parts of the HCY and LJ systems. It is well known that the structure factor of fluids can be fairly well predicted with the HCY model -if not with the HS model, while deficiencies that affect the pair-correlation function in the region of the first peak cannot be ignored in comparing the HCY and LJ systems. Alternatively, the HCY system could be used indirectly to approximate any available interatomic potential for a real fluid without reference to the LJ potential.
The aim of this paper is to show that the HCY system is a reliable reference system for describing the features of real fluids, at least so good as the squarewell system [16] in dealing with realistic LJ-type systems. The paper is organized as follows. In Section 2, the hard core potential with attractive Yukawa tail is briefly presented with the essential analytical expressions for the thermodynamic properties. Section 3 is devoted to the procedures of mapping for which it is clearly shown that the LJ potential is commonly used with constant parameters while the HCY potential is used with state-dependent hard-sphere diameter σ and inverse screening length λ. Section 4 presents a set of values of the parameters σ and λ as functions of temperature and density, as well as results for the thermodynamic properties obtained by the mapping procedures. Finally, some concluding remarks hinged on the previous results are stated.
Hard-core attractive Yukawa fluid as reference system
Consider the three-dimensional fluid with the pair potential consisting of the hard-sphere core and the attractive Yukawa tail
where σ is the hard-sphere diameter, ε is the depth of the potential at the hard-core distance and λ is a positive parameter that measures the spatial decay rate. The HCY has been studied in detail by many authors [5, 6, 8] after the solution of the mean-spherical approximation was obtained by Waisman [4] . According to Ginoza [7] , the solution reduces to determining a fundamental parameter Γ as the root of the quartic equation
where ε and λ are the two parameters of the HCY potential, w and ψ are two supplementary parameters depending explicitly on λ and packing fraction η (= πρσ 3 /6), ρ being as usual the number density, and
Expanding Γ in powers of the inverse temperature, Henderson et al. [9] obtained a polynomial expression for the free energy and, subsequently, Duh and Mier-YTeran [21] remarked that the polynomial exhibits a binomial-like trend allowing to write the free energy A in the following form
where the first term of the right-hand side corresponds to the hard-sphere fluid properties known analytically. A HS used in this work comes from the Kolafa-Boublik [18] equation of state (EOS), which gives results slightly better than the most popular Carnahan-Starling [19] EOS when compared to the Monte Carlo experiments of Erpenbeck and Wood [20] . The hard-sphere free energy βA HS /N is given by
where Λ is the thermal de Broglie wavelength. The terms in the brackets of Eq. (3) involve the function F (X) of arbitrary variable X that reads
and
The coefficients w, ψ, α 0 , φ 0 can be expressed in terms of the two parameters of the HCY potential η and λ through the intermediate parameters
with
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Analytical expressions can be obtained for the excess internal energy and the pressure by differentiation, in a straightforward manner, from the standard relationships
It is also worth mentioning that series expansion for the pair-correlation function g(r) has been derived by Henderson et al. [10] . These analytical expressions have been tested using the molecular dynamic simulation data and exact MSA results of [22] for some state points. Table 1 displays results for the excess internal energy, virial pressure and pair-correlation function at contact of the HCY system as a function of density ρ * (= ρσ 3 ) for T * = 1/(βε) = 1 and λ = 1.8. The comparison between the analytical theory (AT) and molecular dynamics (MD) is particularly good for high densities. The main advantage this EOS is to determine the excess properties of the HCY system and to connect rigorously the parameters of the HCY system to the molecular properties. [22] . 
Procedures of mapping for the Lennard-Jones system
Restricting the discussion to simple centro-symmetric interactions from the outset, we consider the realistic interaction potential of Lennard-Jones given by
Such a functional form gives a reasonable representation of the interactions operating in real fluids, with the well depth ε LJ and the collision diameter σ LJ independent of density and temperature. Figure 1 compares the LJ potential to the HCY potential of same well depth (ε = ε LJ ) and same collision diameter (σ = σ LJ ). Each substance has its own values of ε LJ and σ LJ so that, in a reduced form, the LJ potentials have not only the same shape for all simple fluids, but rigorously superimpose each other. This is the condition for substances to conform to the principle of corresponding states [23] . With the assumption that a fluid is made up of particles interacting with the LJ potential, the partition function and many other thermodynamic properties can be written in terms of reduced temperature T * LJ = k B T /ε LJ and reduced density ρ * LJ = ρσ 3 LJ only. In particular, the virial pressure can be expressed in the implicit form [1] 
As far as the HCY potential is concerned, the virial pressure is given by
where
and λ are the reduced parameters of the HCY potential, as defined in Eq. (1) .
In order to determine the HCY system equivalent to the LJ system at a given T and ρ, it is necessary to choose the values of the relevant parameters ε, σ and λ to be used in the equations for the thermodynamic properties. As there are many combinations for the values of the parameters giving the same pressure in both systems, restrictive conditions have to be imposed. The natural constraints consist in posing ε = ε LJ and ρ * = ρ * LJ α 3 , where α = σ/σ LJ , so that the pressure of the HCY system becomes
and that the two remaining parameters to be determined are α and λ. These parameters are state dependent contrarily to those of the LJ potential. Hence, the procedure of mapping is reduced to the choice of the parameters σ (or α) and λ. As an example of mapping, the HCY potential could be used with a state-dependent diameter σ(T, ρ) obtained in the same manner as the hard-sphere potential has been used by Verlet and Weis [15] to approximate the LJ potential. Then, the parameter λ(T, ρ) could be fitted by using some reasonable fitting procedure to give a good approximation of the dispersion potential tail. Nevertheless, though the HCY potential outside the core is similar in its overall form to the LJ potential, one can expect that this method is not prudent because of the radically different functional forms of the long-ranged HCY and LJ potentials. Alternatively, two other procedures of mapping have been used in this work to determine the parameters σ and λ as a functions of the thermodynamic states; one uses a fine adjustment of the parameters σ and λ at a given T and ρ in fitting virial pressure and internal energy of the HCY system into those of the LJ system, and the other is based on the concept of collision frequency proposed and tested by del Rio and coworkers [11, 24, 16] .
(i) The first procedure employed to determine σ (or α) and λ consists in fitting simultaneously the virial pressure and the excess internal energy of the HCY system into those of the LJ system. At selected thermodynamic states, the excess internal energy and pressure of the HCY system are identified, respectively, with those of the LJ system, so that α and λ can be adjusted by iterations until the following equations are simultaneously satisfied
The interesting aspect of this mapping procedure is that the sets of points representative of the excess internal energy and virial pressure constancy are located on two smooth lines in the plane (α, λ) and that the uniqueness of their point of intersection provides the HCY system with the appropriate values of α and λ, at a given T and ρ. It should be mentioned that the slopes of both curves are generally opposite in sign so that the point of intersection is obtained without difficulty. However, at temperatures below the critical point, the slope of the isobar line reverses as the density is decreased, and that is why no point of intersection can be found in the range of the metastable states where the two curves are more or less parallel.
(ii) The result of the second procedure of mapping is the following. For systems with purely repulsive potential, it is well known that the non-ideal contribution to the pressure is proportional to the rate of collisions between particles [2] . Extending their investigation to systems with realistic potentials, del Rio and Gil-Villegas [24] introduced two collision rates related to the repulsive and attractive parts of the potential, and proposed a mapping between two equivalent thermodynamic systems in such a way that, respectively, the repulsive and attractive contributions to the pressure are kept the same in both systems. This can be readily accomplished with the pressure equation
Imposing the equality between the repulsive contributions to the HCY and LJ potentials, on one hand, and between their attractive contributions, on the other hand, the mapping equations read explicitly
where the left-hand side of Eq. (23) corresponds to the rate of collision for the hard-sphere contribution of the HCY system. On the right side, X(= r/σ LJ ) is the reduced length and X m = 2 1/6 is the position of the minimum of the LJ potential. Then, the mapping procedure is performed by solving iteratively Eqs. 
General features of the mapping parameters α and λ
The purpose of the calculations reported here is to achieve an assessment of the mapping parameters α and λ obtained by two different treatments. In using the first approach based on the simultaneous fitting of the virial pressure and excess internal energy of the HCY system into those of the LJ system, the inaccuracies of the numerical calculations have been greatly eliminated. Table 2 summarizes the behaviour of α and λ over a wide range of state variables covering reduced densities ρ * from 0.1 up to 1 and temperatures from the triple point (T * ∼ 0.8) up to T * = 5. Focusing our attention on α 3 (= σ 3 /σ 3 LJ ) to gain a feeling, we observe a weak variation of the effective hard-sphere diameter σ compared to that of λ. This emphasizes the role of the repulsive forces in establishing the thermodynamic properties of liquids, since the particles are so close to each other that a small increase of their size produces a large increment of the pressure. The parameter α, almost always smaller than one, depends on both T * and ρ * . While it is clearly inversely dependent on temperature, its density dependence seems to be more complicated with no detectable general trend. The parameter λ, characteristic of the attractive region of the HCY potential, depends strongly on T * and ρ * . It always increases with density, whatever the temperature, but its variation as a function of temperature is different at low and high densities: λ decreases with increasing T * at low densities, whereas the situation is reversed at high densities. This behaviour is consistent with the observation of Ashcroft [25] assessing that the HCY system passes from a supercritical fluid phase to a solid phase as the density increases. It is worth knowing that, at T * = 5, the parameter λ is about 15 for ρ * = 1.1 and becomes infinite for ρ * = 1.2 with the impossibility to reach the exact value of the excess internal energy (+0.370). Note that Hagen and Frenkel [3] have obtained the disappearance of the stable liquid phase for the significantly lower value of λ = 7.4 using a Monte-Carlo based perturbation theory. The values of α 3 (ρ * , T * ) and λ(ρ * , T * ) displayed in Table 2 can be adequately represented as a function of temperature by the following parametric expressions
where the parameters A i (ρ * ) and B i (ρ * ) obtained by least squares-fitting are given in Table 3 . (25) and (26) .
0. In the second approach, the parameters α and λ can be determined using the concept of collision frequency. Equations (23) and (24) allow to separate the contributions of repulsive and attractive forces to the virial pressure. For the purpose, the repulsive and attractive contributions to the virial pressure of the LJ potential have been calculated with the pair-correlation function obtained in molecular dynamics (MD). The MD simulations were performed in the NVT ensemble with N = 256 particles. The system was set in a fcc lattice in cubic boxes and surface effects were avoided by placing each box at the centre of a periodic array of identical boxes. The LJ potential was truncated at intermolecular separations greater than r c = 2.5r m , corresponding to half the box length. Appropriate long-range corrections were used to recover the full contribution to the intermolecular potential [26] . The equations of motion were integrated using Verlet's algorithm in the velocity form with a time step of Δt = 10 −15 s and the pair-correlation function g(r) was extracted from a sample of 4 × 10 4 configurations every 10Δt after an equilibration of 10 4 steps. In contrast, the pair-correlation function of the HCY system, necessary to the calculation of the virial pressure, has been determined with the analytical expression derived by Henderson et al. [10] as it has been shown to provide very accurate g HCY (r; σ, λ) and because it is less time-consuming than the MD simulation.
In this mapping procedure, everything amounts to finding α and λ by solving iteratively Eqs. (23) and (24) for each temperature and density. It is found that the numerical effort involved in this procedure is not as great as expected because Eq. (23) is rather insensitive to the parameter λ, whereas Eq. (24) is insensitive to the parameter α. This treatment has been only performed for three temperatures, T * = 1.4, 1.6 and 2 in order to compare the two procedures of mapping. The parameters corresponding to the collision frequency treatment, labelled α 2 and λ 2 , are collected in Table 4 together with those coming from the simultaneous fitting of the virial pressure and excess internal energy, labelled α 1 and λ 1 . The general trends of both sets of results are qualitatively the same. For the parameter α, the agreement is excellent at the lowest temperature (T * = 1.4) and still reasonable at T * = 2 with a difference of about 8% for ρ * = 0.2. Concerning the parameter λ, the concordance is particularly good for the highest temperature whatever the density, but deteriorates at high density and low temperature when the critical temperature is approached. On the whole, there is a reasonable homogeneity in the results of the parameters α and λ for both procedures of mapping. The evaluation of not only the EOS but also of the corresponding thermodynamic properties is the ultimate test to judge the accuracy of the parameters α and λ. Starting from the expressions for βA/N , βU ex /N and βp/ρ given, respectively, by Eqs. (3), (14) and (15), the excess thermodynamic quantities (excess free energy, excess entropy and excess chemical potential) related to them are commonly evaluated using the relationships
Because in the first mapping procedure the excess internal energy and virial pressure were forced to fit simultaneously the reference values, all excess quantities coincide perfectly with the MD data. On the contrary, in the second mapping procedure, only the pressure fits the MD data. Therefore, we show in Fig. 2 quantities along the isotherms T * = 1.4, 1.6 and 2 in order to judge the quality of the mapping procedure based on the collision frequency. On the whole, the excess internal energy βU ex /N (Fig. 2a) , the excess free energy βA ex /N (Fig. 2b) , the excess entropy S ex /N k B (Fig. 2c ) and the excess chemical potential βμ ex (Fig.  2d) are in quite good agreement with the reference data. As expected, the worst result is observed especially for the excess internal energy and excess free energy for T * = 1.4 and ρ * = 1, where the values of the parameters λ 2 and λ 1 are slightly different. In contrast, the excess entropy is hardly affected since it is the difference between two quantities of equal magnitude (βU ex /N − βA ex /N ).
Concluding remarks
The investigation of the thermodynamic properties of the LJ fluid has been made for a system of particles interacting with the HCY potential. The method is advantageous due to a convenient analytical expression for the equation of state for the HCY system derived in the mean spherical approximation. Specifically, the method consists in mapping the thermodynamic properties of the LJ fluid, for every ρ * and T * , from the EOS of the equivalent HCY system for suitable values of its two parameters α and λ. An advantage of this approach is that it allows to predict the thermodynamic properties of the LJ fluid by means of only two molecular parameters.
In order to establish the particularities of the dependence of α and λ on ρ * and T * , two mapping procedures have been employed. The first one requires the equality of the virial pressure and internal energy of the LJ fluid with those of the HCY system, and in the second one the repulsive and attractive contributions to the virial pressure are kept the same in the LJ and HCY systems. In both procedures, the equations are solved iteratively and provide unique solutions in any thermodynamic state.
To sum up the work, we point out that the results are threefold: (i) the EOS of the HCY system can be used to predict the thermodynamic properties of the LJ fluid over a wide domain of the phase diagram, (ii) the concept of collision frequency can be used confidently to map any system into another one provided that both pair-correlation functions are available and (iii) the EOS of the HCY system is capable to connect rigorously its own parameters to the properties of a real fluid, without reference to the LJ potential. Therefore, the HCY system is a good reference system. Firstly, comparison of our predictions of the thermodynamic properties of the LJ fluid with reference data show that the analytical EOS of the HCY system is highly reliable when the correct values of the parameters are used. In particular, this analytical EOS is of precision comparable to those of the integral equation [27] or simulation data for the LJ fluid. Compared to the strictly empirical equations of state using a modified form of the Benedict-Webb-Rubin equation (MBWR) [28] , the EOS of the HCY system has only two state dependent parameters, α and λ, instead of 33 parameters of the MBWR equation of state. Taking account of the physical meaning of α and λ, their extrapolation allows to predict additional thermodynamic properties outside the range for which the parameters have been determined.
Secondly, the reasonable homogeneity in the values of the parameters α and λ for both procedures of mapping promotes the treatment based on the collision frequency concept, even if the direct fitting of the virial pressure and internal energy is expected to provide the best EOS. The parameter values obtained with the procedure that involves the collision frequencies somewhat differ from those evaluated within the simultaneous fitting of the virial pressure and internal energy, but the general shapes of their density and temperature dependence remain very similar to each other. In particular, the variations of α and λ with temperature are easily parametrized smooth functions, while the density dependence of α is much more structured with an evident non-monotonicity in the relevant region of density. Besides, the former mapping procedure involves explicitly the HCY pair-correlation function, g HCY (r), and the latter ignores it by setting up an analytical free-energy expression for the HCY system. The confidence in the behaviour of g HCY (r) is then replaced by implicitly estimated energetic and entropic effects. As a result, the precise shape of the pair-correlation function is not so important for the prediction of the thermodynamics of the LJ system in the low-density region.
Thirdly, the main issue of the work is the proof that the HCY system is a very good reference system, owing to the quite accurate expressions for the free energy and the pair-correlation function, which offers the possibility to implement the variational method in order to determine the thermodynamic properties of fluids with realistic potentials. Alternatively, it can be used more directly to approximate the best available rare gas potential without going through the LJ potential as an intermediate approximation. It should also be mentioned that the inverse screening length λ increases beyond the commonly accepted value of 1.8 for the LJ fluid as the density and temperature are increasing. Such high values of λ correspond to very short-range potentials, a situation in which the phase diagram of the fluid undergoes profound modifications with no stable liquid phase among them [3] . Even if the present treatment is still not flexible enough to describe fluids with nonspherical potentials and mixtures, it is believed to represent simple and useful means of solving the van der Waals problem of an accurate analytical EOS based on underlying theory.
